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^| Abstract. For a given quantum state p and two quantum operations cp and x ¥, the information en- 

-i— > | 

coded in the quantum state p is quantified by its von Neumann entropy S(p). By the famous Choi- 
ce . 

Jamiolkowski isomorphism, the quantum operation O can be transformed into a bipartite state, the 

O" 1 

von Neumann entropy S map (<D) of the bipartite state describes the decoherence induced by <b. In this 
Letter, we characterize not only the pairs (®,p) which satisfy S(®(p)) = S(p), but also the pairs (O, *P) 
which satisfy S map (<D oW) = S map 0F). 
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1 Introduction 

X 

Von Neumann entropy and relative entropy are powerful tools in quantum information theory. Both 
quantities have a monotonicity property under a certain class of quantum operations and the condition 
of equality is an interesting and important subject. For example, an extremely important result was 
obtained in the condition of equality for the celebrated strong subadditivity inequality for the von 
Neumann entropy 12. On the other hand, ones use the von Neumann entropy of quantum states to 
quantify the information encoded in the quantum states, and the map entropy of quantum operations 
to describe the decoherence induced by the quantum operations [2]. In this Letter, we study von 
Neumann entropy-preserving quantum dynamical processes. In order to present our results, we need 
the following notation. 

For a given Af-dimensional quantum-mechanical system which is represented by an Af-dimensional 
complex Hilbert space "H, a state p on *K is a positive semi-definite operator of Uace one. If p = 
2Zk ^-k\uk)(uk\ is its spectral decomposition, then the support supp(p) of p is defined by supp(p) = 
span{|M,t) : At > 0}, and the generalized inverse p -1 of p is defined by p _1 = Efc/i t >o^ \uk)(uk\- 
The von Neumann entropy S(p) of p is defined by S(p) - - Tr(p log 2 p) which quantifies information 



encoded in the quantum state p. If cr is also a quantum state on *H, then the relative entropy between 
p and cr is defined by S(p||cr) = Tr(p(log 2 p - log 2 cr)) if supp(p) c supp(cr); S(p\\cr) - +00, otherwise 

Let L(77) be the set of all linear operators on 77. If X, Y e LCH), then (X, Y) = Tr(X 1 T) defines 
the Hilbert-Schmidt inner product on LCH). Let T(77) denote the set of all linear super-operators 
from LCH) to itself. A € T(77) is said to be a completely positive super-operator if for each k e N, 
A <g> 1m a (C) : LCH) ® Mfc(C) -> L(77) <g> M^(C) is positive, where M^(C) is the set of all k x k complex 
matrices. It follows from the famous theorem of Choi [5 1 that every completely positive super-operator 
A has a Kraus representation A = £ ; AdM , that is, for every X e LCH), A(X) = Y n ., MjXM'., where 
{Mj}"j =l c L(*H), M\ is the adjoint operator of Mj. It is clear that for the super-operator A, there is its 
adjoint super-operator A 1 " e TCH) such that for A,B e LCH), <A(A),B) - (A, A^fi)). Moreover, A 
is a completely positive super-operator if and only if A + is also a completely positive super-operator. 

A so-called quantum operation is just a trace non-increasing completely positive super-operator 
cD. If cD is trace-preserving, then it is called stochastic; if cD is stochastic and unit-preserving, then it is 
called bi-stochastic. 

Let {|j> : i = 1, . . . ,N} be an orthonormal basis for < H. Then |Q) = 2^ e H <g> "H is a maximal 
entangled state on *H ® *H. The famous Choi- Jamiolkow ski isomorphism J : T("H) — > L(*H ® "H) 
transforms every e TCH) into an operator 7(0) = (0 ® 1 LCW) )(|Q><Q|) of L(*H ® *H) 13. If is 
completely positive, then /(©) is a positive semi-define operator, in particular, if is stochastic, then 
^7(0) is a bipartite state on *H ® *H. For every stochastic quantum operation O, we refer to the von 
Neumann entropy S(^7(0)) of the bipartite state jjJ{<&) as the map entropy of O, and denote it by 
S map (cD), it describes the decoherence induced by the quantum operation O Q. 

In this Letter, for quantum states p and quantum operations cD and T, we characterize both the 
pairs (cD,p) which satisfy S(0(p)) - S(p) and the pairs (O, ¥) which satisfy S map (cD o W) - S^QV). 

Firstly, we need the following lemmas. For our purpose, Theorem 5.1 in @ is modified into the 
following form: 

Lemma 1.1. (76/) Let p and cr be two quantum states on 77 <D be a stochastic quantum operation. If 
supp(p) c supp(cr), then 

S(0(p)||cD(cr)) = S{p\\a) 
if and only if C>£. o ®(p) - p, where oj. = Adg.i/2 o O 1 " o Ad a , (cr) i/2. 

Lemma 1.2. f/7/j Le? p a«<i cr be two quantum states on 77 ^ be a stochastic quantum operation. 
Then 

S(CD(p)||cD(cr)) < S(p\\cr). 



2 The Main Results and Proofs 



In general, we do not know whether a quantum operation will increase or decrease the von Neumann 
entropy. However, if it is bi-stochastic, then it does not decrease the entropy. That is, if O is a bi- 
stochastic quantum operation, then S(®(p)) > S(p) for any quantum state p. This follows immediately 
from Lemma [L2l by letting a = jjt<H- 
Our main results are: 

Theorem 2.1. Let p be a quantum state on ( H, and ($> be a bi-stochastic quantum operation. Then the 
following statements are equivalent: 

(i) S(0>(p)) = S(p). 

(ii) ® f o 0(p) = p. 

( Hi) The space 'H can be decomposed into: 

k=i 

The quantum state p can be decomposed into: 

k=l U k 

where p = [p\,... , p^] J is a probability vector, that is, all components of p are non-negative 
and their sum is one, d^ = dim Hf, p\ is a quantum state on "H^, k = 1,2, . . . , K. 

The bi-stochastic quantum operation <D can be decomposed into: 

K K 



k=\ k=l 



where <& k is the restriction o/cD to LCH^ ® "Hf), % = Adj/ t ® <&f, € LCK^) is a unitary op- 
erator and 6 7~CH^) is a bi-stochastic and completely positive super-operator, k = 1, . . . , K. 

Proof, (i) <=> (ii). Let cr = in Lemma [TTT1 Then supp(p) c supp(cr) and cD^ = Note that O 
satisfies the conditions in Lemma [TTT1 and O^l^) = jjl<H, so 

S|0(p)||ilJ = Sl P ||il w 

if and only if O 1 " o 0(p) = p, which implies that S(<l>(p)) = S(p) if and only if & o 0(p) = p. 

(ii) => (Hi). Let cr = hl<n again. Since <1> is bi-stochastic, we have supp(cr) = supp(0(cr)) = fi 
and <i>J- = <D r . Denote 

Fix(0 1 " o O) = {X e L(<H) : O t o O(X) - X}. 



It follows from Lemma 3.1 1 in [6] that the space has a decomposition 

/t=i 

such that 

K 

FixCO 1 " o (D) - Fix(0, i r o O) - L(*Hfc ) + <8> <u£, 

£=1 

and 

<D(X[ ® co R k ) = U k X\u\ ® u)\, X\ e L(7#), 

where [/j€ h(H^) is a unitary operator, and wf are two invertible quantum states on 'J-f?, LCK^) + 
is the set of all positive semi-definite operators in LC/V^), k = l,...,K. 

Note that CD is a bi-stochastic quantum operation, so there is a bi-stochastic quantum operation cD^ 
on LCKf ) such that <J>f(wf) = a>*. It follows from l w e Fix(<D f o ®) that oj r = = j^l^R, where 

= dim'H^. The quantum state p e Fix(<l) t o ®) implies that 

K 1 

/t=i "* 

where p = [p\, . . , , pk] T is a probability vector, p£ is a quantum state on "K^, k = 1,2, . . . , K, and the 
decomposition of O is obtained immediately. 

(Hi) => (//). Note that O 1 " o <D - @f =1 1lck[) ® ° ®f and ®f is bi-stochastic, we have 

Of = l w « and (Of)^!.^) = %*. Thus, <D f o (D(p) = p. □ 

Remark 2.2. We remark here that the completely positivity of O in Theorem I2.1 l ean be relaxed to be 
2-positivity since Lemmas [ 1 . 1 1 and [L2l hold in that case. 

Theorem 2.3. Let <I> and be two quantum operations on "H, <I> be bi-stochastic and *P be stochastic. 
Then S map (<D o W) = S map ( v P) jfanrf only if<£> f oOo'P-'P. 

Proof. It follows from S map (0 o *¥) = S map C¥) that S(0 (g> 1 L (W)(^ /(*))) = S(^/0P)). Then, by 
Theorem EE S(<D ® = S^/OF)) holds if and only if O 1 " o 0> <g> 1 L (W)(W) = /(*), 

that is, 

d)t o O o f ® 1 LCW) (|Q><Q|) = T ® l Lm) (|Q)(Q|). 
Note that - ^(lOO'D ® I0O1, so we have 

/V N 

o+ o o o T(|i>01) ® I001 - 2 ^I'K/'D ® I'X/I. 

ij=l i,/=l 

which implies that O f o$o *P(|i>01) - ^QiXjl) for all i, j, this shows that $ f o $ o ¥ = f. □ 



3 An Application 



If p - [pi, . . . , pn] T £ M. N and q - [q\, . . . , q^] J e R.^ are two probability vectors, the Shannon 
entropy of p and the relative entropy of p and q are defined by H(/j) - - YJL\ Pi 1°§2 Pi an( ^ H(p||#) = 
Yii Pi(log2 Pi - log2 qd, respectively, where log 2 = El[8)). 

Let B = [bjj] be an N x N matrix, if bij > 0, and Xf=i hj = 1 for every j = l,,.,,N, then B = [bij] 
is said to be stochastic; if B - [bij] is stochastic and 5^=1 bij - 1 for every i = l,...,N, then B is said 
to be bi-stochastic. Let B be a bi-stochastic N x N matrix, p be an Af-dimensional probability vector. 
Then Bp is also an Af-dimensional probability vector. In 0, A. Poritz and J. Poritz showed that B 
preserves the Shannon entropy of p, that is, Y\{Bp) = W(p), if and only if B T Bp = p. 

Now, we apply Theorem 12. II to prove the conclusion again. Firstly, we need the following notion: 
Let O be a stochastic quantum operation and O = £^ Ad^ be its Kraus representation. Define the 
Kraus matrix B{<&) of O by B(O) = • M^, where • denotes the Shur product of matrices, that is, 

the entrywise product of two matrices, and is the complex conjugate of M^. It is easy to show that 
B(O) is a stochastic matrix if O is a stochastic quantum operation on ( H, and B(O) is a bi-stochastic 
matrix if O is a bi-stochastic quantum operation on fi. Moreover, B(O^) = B(0) T iPTOl . 

Lemma 3.1. Let {\i) : i = I, ... ,N] be an orthonormal basis for *H, O be a bi-stochastic quantum 
operation, p be a quantum state on H, cr = 0(p), pj = (j\p\j),qj = {j\o~\j),j = l,...,N, p = 
[pi,... ,Pn] J , q - [qi, ■ ■ ■ ,qN] J , where all pj are the eigenvalues of p. Then p and q are two N- 
dimensional probability vectors and q = B(<b)p. Conversely, if p, q are two N -dimensional probability 
vectors and T is a bi-stochastic N X N matrix such that q = Tp, then there exists a bi-stochastic 
quantum operation <D onfi such that T = B(<D) and o~ - <D(p). 

Proof. If O = 2u Adjtf is a Kraus representation of cD, then 

N 

qi = a\®(p)\i) = £<;|m^m;i;> = 2<i|^U>OVL/>0'I^JlO 

N N 

That is q = B{<&)p. Conversely, let T J = Then we can construct a stochastic quantum operation 
(&t on <H such that T - B(cDr). In fact, ®r(IOO'l) = E/f//l./Xjl defines a stochastic quantum operation, 
and forp = J^f Pi\i>(i\, (r = Z j(T p) they satisfy that 

3>r(p) = ^^(liXift^wX^Ol 

i i ;' 

= Z ( Z M/)l/>0'l = X^PhMi = <r. 

j ' j 

□ 



Corollary 3.2. Let p be an N -dimensional probability vector and B be anN xN bi-stochastic matrix. 
Then H(Bp) = H(p) if and only if B J Bp = p. 

Proof. <= is clear. 

==>. Let p - [p\,. . .,pN] J ,q - Bp - [qi, . . . ,q^] J , (|/) : i = 1 N] be an orthonormal basis 

for < H. Define 

N N 
7=1 7=1 

Since B is a bi-stochastic matrix, it follows from Lemma IBTTI that there exists a bi-stochastic quantum 
operation on <H such that a = <D(p), B = B(O). That S(®(p)) = H(fl/?) and S(p) = H(p) is clear. Note 
that H(fip) = H(p) implies that S(0(p)) = S(p). By Theorem IZT1 that S(0(p)) = S(p) if and only if 
fl)^ o (l>(p) = p, combining this fact with cr = <!>(p), we have O^cr) = p. It follows from Lemma I3TT1 
again that q = /3(<D)p, p = B(&)q = B(®) T q. This shows that p = /3(<D) T /3(<D)p, that is, p = B T Bp 
since B = /3(0). □ 
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